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approach is to search for some field equations (e.g. Maxwell's 
or Einstein's equations or Schrodinger's equation) and then 
impose, from the outside, the laws of initial or boundary condi- 
tions (the Cauchy problem). In Cosmology, by definition, there 
is no rest of the universe so that boundary conditions must 
be fundamental laws of physics. In this sense, a part the fact 
that Quantum Cosmology is a viable outline to achieve Quan- 
tum Gravity, it can be considered as an autonomous branch of 
physics due to the problem of finding initial conditions pQ. 

However, not only the conceptual difficulties, but also math- 
ematical ones make Quantum Cosmology difficult to handle. 
For example, the superspace of geometrodynamics [2] has infi- 
nite degrees of freedom so that it is not possible to fully inte- 
grate the Wheeler-De Witt (WDW) equation. Moreover, the 
Hilbert space of states describing universes is not available 
and then it is not clear how to interpret the solutions of WDW 
equation in the framework of probability theory [3] . 

Despite of these shortcomings, several results have been ob- 
tained and Quantum Cosmology has become a sort of paradigm 
in theoretical physics. For example the infinite-dimensional su- 
perspace can be restricted to suitable finite-dimensional con- 
figuration spaces, the so- called minisuper spaces. In this case, 
the above mathematical difficulties can be circumvented since 
the WDW equation reduces to a partial differential equation 
and, in principle, can be integrated. The initial value problem 
can be approached in some simplified ways as, for example, 
the so called no boundary condition by Harte and Hawking pt] 
and the tunneling from nothing by Vilenkin [5]. Both schemes 
give reasonable laws for initial conditions from which our clas- 
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1 Introduction 

Different points of view can be assumed in order to deal with 
Quantum Cosmology. It can be considered as the first step 
towards the construction of a complete theory of Quantum 
Gravity. Moreover, its goal is to find out the law of initial con- 
ditions from which our classical universe started its evolution. 
However, with respect to other theories of physics as Electro- 
magnetism, General Relativity (GR) or Quantum Mechanics, 
boundary conditions for the evolution of the system universe 
cannot be obviously set from outside. In standard theories, the 
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sical universe could be started. However also other approaches 
are possible [Bj. However, it is better to stress that Quantum 
Cosmology is not fully satisfactory in view of solving Quan- 
tum Gravity issues but is a useful working scheme despite of 
different interpretations of results. 

For example, the Hartle criterion [7] is an interpretative 
scheme for the solutions of the WDW equation. Hartle pro- 
posed to look for peaks of the wave function of the universe: 
if it is strongly peaked, we have correlations among the geo- 
metrical and matter degrees of freedom; if it is not peaked, 
correlations are lost. In the first case, the emergence of clas- 
sical trajectories (i.e. universes) is expected. The analogy to 
non-relativistic Quantum Mechanics is straightforward. If we 
have a a wave function, solution of the Schrodinger equation in 
presence of a potential barrier, an oscillatory regime is possible 
on and outside the barrier; a decreasing exponential behavior is 
present under the barrier. The situation is analogous in Quan- 
tum Cosmology: now the potential barrier has to be replaced 
by the superpotential U(h tJ , <j>), where are the components 
of the 3-metric of geometrodynamics and cj> is a generic scalar 
field describing the matter content. More precisely, the wave 
function of the universe can be written as 



!F[Ms),0(*)]~e*"* a , 
where mp is the Planck mass and 

S = So + mp 2 Si + 0(mp 4 ) . 



(1) 



(2) 



is the action which can be expanded. We have to note that 
there is no normalization factor due to the lack of a probabil- 
ity interpretative scheme. Inserting S into the WDW equation 
(thta we will derive below) and equating similar powers of mp, 
one obtains the Hamilton- Jacobi equation for So- Similarly, one 
gets equations for Si,S2, ■ ■ ., which can be solved considering 
results of previous orders. We need only So to recover the semi- 
classical limit of Quantum Cosmology [8]. If So is a real num- 
ber, we get oscillating WKB modes and the Hartle criterion is 
recovered since is peaked on a phase-space region defined by 



2 SSo 



7I> 



2 SSo 
m P TT 



(3) 



where -Kij and are classical momenta conjugates to Yi 3 and 
<j>. The semi-classical region of superspace, where & has an os- 
cillating structure, is the Lorentz one otherwise it is Euclidean. 
In the latter case, we have S — il and 



(4) 



where / is the action for the Euclidean solutions of classical 
field equations (istantons). This scheme, at least at semiclas- 
sical level, solves the problem of initial conditions. Given an 
action So, Eqs.Q imply n free parameters (one for each di- 
mension of the configuration space Q = {h? 3 ,(j>}) and then n 
first integrals of motion. The general solution of the field equa- 
tions implies 2n — 1 parameters (one for any Hamilton equa- 
tion plus the energy constraint). As a consequence, the wave 
function is peaked on a subset of the general solution and the 
boundary conditions on the wave function {e.g. Harte-Hawking 
or Vilenkin one) imply initial conditions for the classical solu- 
tions. The issue is now to search for a method capable of se- 
lecting these constants of motion. Alternatively, can the Hartle 
criterion (and the emergence of classical trajectories) be imple- 
mented by some general approach without arbitrarily choosing 



regions of the phase-space where momenta ([3| are constant? In 
this review we discuss this question considering the Hamilto- 
nian formalism for Extended Gravity Cosmologies. We want to 
show that the existence of Noether symmetries implies a subset 
of the general solution of the WDW equation where the oscil- 
lating behaviors are selected. Viceversa, the Hartle criterion 
can be always related to a Noether symmetry and then to the 
classical trajectories. For classical trajectories, we mean solu- 
tions of the standard cosmological equations. In particular we 
restrict the discussion to minisuperspace models but it is clear 
that it could work for the complete field theory as soon as the 
method could be extended to the whole superspace. We remem- 
ber that Extended Theories of Gravity (ETGs) have recently 
become a sort of paradigm in the study of gravitational inter- 
action based on corrections and enlargements of the Einstein 
scheme [911101111] , The scheme consists, essentially, in adding 
higher-order curvature invariants and/or non- minimally cou- 
pled scalar fields into dynamics resulting from the effective 
action of Quantum Gravity |12j . All these models are not the 
complete theory of Quantum Gravity but are needed as ap- 
proaches toward it. Furthermore, unification schemes as Su- 
perstrings, Supergravity or Grand Unified Theories, consider 
effective actions where non-minimal couplings to the geome- 
try or higher-order terms come out. These contributions come 
from one-loop or higher-loop corrections in the high-curvature 
regimes |13l|14| . In addition, these approaches have gained in- 
terest in cosmology due to the fact that they naturally exhibit 
inflationary behaviors |15U 1611 1711 1 BirTgir^UU^TTf^Tf^H] . 

Besides, ETGs are going to play an interesting role to de- 
scribe also the today observed Universe. However, the energy 
and curvature regimes are very different with respect to the pri- 
mordial epochs. In fact, the good quality data of last years have 
made it possible to build up a more realistic picture of the ob- 
served universe. Type la Supernovae (SNela) |24| . anisotropies 
in the Cosmic Microwave Background Radiation (CMBR) |25| . 
and matter power spectrum inferred from large galaxy surveys 
|26) represent evidences for a substantial revision of the Cosmo- 
logical Standard Model. In particular, the concordance ACDM 
model predicts that baryons contribute only for ~ 4% of the to- 
tal matter - energy budget, while the cold dark matter (CDM) 
represents the bulk of the matter content (~ 25%) and the 
cosmological constant A plays the role of the so called "dark 
energy" (~ 70%) [27] • Although being the best fit to a wide 
range of data |28| . the /1CDM model is severely affected by 
strong theoretical shortcomings [29| that have motivated the 
search for alternative models |30] , Dark energy models mainly 
rely on the implicit assumption that standard GR is the correct 
theory of gravity. Nevertheless, its validity on large astrophys- 
ical and cosmological scales has never been tested [31| . and it 
is therefore conceivable that both cosmic speed up and miss- 
ing matter represent signals of a breakdown of gravitation law 
as we conceive it at small scales. This means that one could 
consider the possibility that the Hilbert - Einstein Lagrangian, 
linear in the Ricci scalar R, could be generalized in order to 
cure the "dark side" shortcoming j]]. The simplest choice is a 
function f(R), that can be encompassed in the ETGs being 
a "minimal" extension of GR. It has been widely shown that 
/(-R)-gravity can easily match the dark energy and dark mat- 
ter issues at cosmological and astrophysical scales [33,34,35 

|3^iT3Tir3^l|3WrJir4Tir^ . 



1 Up to now, there is no final evidence that dark energy and 
dark matter exist at fundamental quantum level |32| . 
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In this review paper, we want to discuss the Hamiltonian 
dynamics for minisuperspace models coming from Extended 
Theories of Gravity. This problem is of fundamental interest 
for several reasons. First of all, it is the first step towards the 
Quantum Cosmology of such theories. Secondly, it allows to 
disentangle the further gravitational degrees of freedom defin- 
ing their role into dynamics, using, in particular, conformal 
transformations. Finally, Hamiltonian formalism allows to se- 
lect conserved quantities (Noether charges and currents) that 
assume a main role in Quantum Cosmology since can be con- 
nected to the emergence of classical universes. It is worth notic- 
ing that the Noether Symmetry Approach [86] that we are go- 
ing to develop here, has been applied to different situations 
(see e.g. |87II88II89II90II91II92| ) being a method extremely useful 
to seek for exact solutions. 

The paper is organized as follows. In Sec(21 we recall the 
Hamiltonian formalism approach to GR and the problem of 
quantization starting from the well-established results of the 
Arnowitt-Deser-Misner (ADM) formalism. In Sec. [3] we intro- 
duce the Minisuperspace Approach to Quantum Cosmology 
considering also its limits. Sectf?] is devoted to the Noether 
Symmetry Approach and to its connection to Quantum Cos- 
mology. The existence of Noether symmetries allows to select 
conserved momenta that acquire a straightforward relevance 
in view of the Hartle criterion. Extended Theories of Gravity 
are introduced in in Sec[S] while conformal transformations are 
considered in Sec (6) In Sect [7] we discuss examples of minisu- 
perspace models coming from ETGs. It is easy to show that the 
point-like Hamiltonian coming from the Legendre transforma- 
tion of the starting minisuperspace Lagrangian can be easily 
worked out and transformed in the corresponding WDW equa- 
tion as soon as Noether symmetries are identified. Exact solu- 
tions are derived for such minisuperspace models and a singu- 
larity classification is presented according to |61II62| . Moreover, 
we analyze the conformal equivalence in view of Noether sym- 
metries showing how they transform under conformal trans- 
formations (Sec[8j. Discussion and conclusions are drawn in 
Sect E] 



2 The Hamiltonian formulation of General 
Relativity and the problem of quantization 

Let us start with a summary of the so called canonical for- 
mulation of GR according to the so called ADM formalism [HI 
150] . In order to achieve the Hamiltonian formulation of GR, we 
have to consider a 3-surface on which the 3- metric is hij , with 
matter fields defined on it. The 3-manifold is embedded in a 
4- manifold whose metric is g^ v . Following the ADM formalism, 
the embedding is described by the so-called (3 + 1) form of g^, 
that is 

ds 2 = g^dx^ dx v = 

= -(n 2 - NiN^ dt 2 + 2N i dx i dt + h ij dx i dx j , 

(5) 

where N and Ni are the lapse and shift arbitrary function^, 
and describe the way in which the coordinates on a 3-surface is 



We adopt the conventions: fi, v = 0,1,2,3 for the Greek 
space-time indexes and i,j = 1,2,3 for the purely spatial in- 
dexes. 



related to the preceding and following 3-manifold. The action 
is, for the moment, the standard one of GR minimally coupled 
to matter, that is 



5 = 



m 2 P 

167T 

+2 



d 4 xy^g(R- 2A)+ 



d 3 x VhK 



BM 



+ S 



(m) I 



boundary dM of the 4- manifold A4 , and is given by 



Kl] ~ 2N 



dhij 
dt 



(6) 



(7) 



Di represents the covariant derivative on the 3-manifold. The 
action for the matter scalar field <j> is 



>(m) = / d i x y ^g [g^d^(t)d v (j) + V(<j>)] 

that in term of (3 + l)-variables, is 

5 = ™k f d 3 x dt NVh iKijK* - K 2 + 
16n J L 

+ (3) R-2A~\ + S (m) . 
The Hamiltoniaijf] form of the action is then 

/ d 3 x dt \ hi jTT ij + - NH - JV%] 



(8) 



(9) 



(10) 



where 7r IJ and 7r<j are the momenta conjugate to hij and $ 
respectively. The momentum constraint is 



m = -2Dj-Kj+Hl m) = °> 



while the proper Hamiltonian constraint is 



(11) 



H = i^G^V - ^Vh^R~2A) +U {m) =0, 

ITlp ID7T 

(12) 

where djki is the so-called De Witt metric explicitly given by 

(13) 



Gijki — T^Jh (hikhji + huhjk — hijhki) 



These constraints correspond to the time-space and time-time 
components of the Einstein field equations respectively. The 
canonical quantization procedure is essentially based on them, 
as we will see below. 

The so-called superspace is the framework where classical 
dynamics takes place: it is the space of all 3-metric and mat- 
ter field configurations (hij (x), <^>(x)) defined on a 3-manifold. 
It is infinite dimensional, with a finite number of coordinates 
(/lij(x), <^>(x)) at every point x of the 3-manifold. The De Witt 
metric and metric on the matter fields determine the metric on 
superspace. It has the important property that its signature is 
hyperbolic at every point x in the 3-surface. The signature of 
the De Witt metric does not dependent on the signature of 
standard space-time. 



In this case, the Hamiltonian is a constraint being a sum 
of constraints where the lapse and shift functions play the role 
of Lagrange multipliers. 
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The quantum state of the system can be represented by 
a wave functional Hf[hij,<j>] in the canonical quantization ap- 
proach. An important characteristic of this wave function is 
that is does not depend explicitly on the coordinate time t. 
This is because the 3-surfaces are compact, and thus their in- 
trinsic geometry fixes almost uniquely their relative position in 
the 4- manifold. 

Following the Dirac quantization, the wave function is as- 
sumed to be annihilated by the classical constraints after they 
have been "transformed" into operators, that is 



Shi 



7T$ 



The equations for are the momentum constraint 

Hi& = 2iDj ^- + u\ m) V = , 
Shi 



(14) 



(15) 



and the WDW equation 



WP = 



-G 



ij kl 



Shij Shki 



+ 



-Vh( (3) R - 2A) + ^ (m) ] V = . 



(16) 



The momentum constraint implies that the wave function is 
the same for configurations (hij (x), <f (x)) that are related by 
coordinate transformations in the 3-surface. The momentum 
constraint (|15|) is the quantum mechanical expression of the 
invariance of the theory under 3-dimensional diffeomorphisms. 
Similarly, the WDW eq. (|16|) represents the reparameteriza- 
tion invariance of the theory. Such an equation is a second or- 
der hyperbolic functional differential equation describing the 
dynamical evolution of the wave function in superspace (the 
Wave Function of the Universe). 

Another approach to canonical quantization is to derive the 
wave function by path integrals. In this case, the wave function 
is an Euclidean functional integral over a class of 4-metrics and 
matter fields, weighted by e _/ , where I is the Euclidean action 
of gravity plus matter fields, that is 



(17) 



The sum is over a given class of manifolds A4 (where B is their 
boundary), and over a class of 4-metrics and matter fields 
</> which induce the 3-metric hij and matter field configuration 
<f> on the 3-surface B. If the 4-manifold has topology R x B, 
the path integral assumes the form 



xA x exp(-I\g^,<j>]). (18) 

The delta-functional fixes the gauge condition iV M = x M an d 
A x is the Faddeev-Popov determinant. The 3-metric and mat- 
ter field are integrated over a class of paths 
(hij (x, r), (f>(x, t)) matching the argument of wave function on 
the 3-surface B where we can assume r = 1, that is, 



hij(x, 1) = fty(x), 



x,l 



(19) 



The paths are fully specified assuming, at the initial point, r = 
0. The WDW equation and momentum constraints, (|15|) . II 1611 
can be considered as a quantum invariance under 4-dimensional 



diffeomorphisms. The wave functions generated by the path in- 
tegral H18|) have to satisfy the WDW equation and momentum 
constraints, providing that the path integral is invariantly con- 
structed |51| . The solution of the WDW equation is generated 
by the path integral and strictly depends on how the initial and 
boundary conditions are chosen; thus the problem of boundary 
conditions is crucial in canonical quantization. 



3 The Minisuperspace Approach to 
Quantum Cosmology 

Since the superspace is infinite dimensional and very difficult to 
handle, minisuperspaces are restrictions of it where some sym- 
metries are imposed a priori on the metric and the related mat- 
ter fields. This approach allows to construct useful toy models 
that, as we said, are not the full Quantum Gravity but can give 
indications towards it. The simplest minisuperspace consists in 
restricting to homogeneous and isotropic metrics and matter 
fields. In general, a minisuperspace involves the 4-metric Q, a 
lapse function N = N(t) assumed homogeneous, and the shift 
function iV l = set to zero. One obtains 



ds 



-N (t)dt + hij(x, tydx^dx 3 



(20) 



Being the 3-metric hij homogeneous, it is described by a finite 
number of functions of t, q a (t), where a = 0, 1, 2 • • • (n — 1). 
Any Bianchi-type cosmology is suitable for such an analysis 
|52| . The Hilbert-Einstein action (0 can be recast as 

2 r 

S[h tJ ,N,N'} = ^ dt d 3 x NVh\K l3 K ij - K 2 + 

lOTY J L 

+ (3) R~2A] , (21) 



and, in general, one gets 

S[q a (t),N(t)] = [ dtN 
Jo 

Cdt, 



2N 2 



(22) 



where, f a p(q) is the reduced De Witt metric, with signature, 
(—,+,+,+...). The t integration can range from to 1 by shift- 
ing t and scaling the lapse function. Including matter also leads 
to an action of this form, and then the q a functions include 
matter variables as well as 3-metric components. The (— ) part 
of the signature corresponds to a gravitational variable. 

Eq. (|22|l has the form of a relativistic point particle action 
where the particles moves on a n-dimensional curved space- 
time with a self-interaction potential. The variation with re- 
spect to q a , gives the equations of motion 



1 d 



dU 



Nit{"N) + w r ^' , + f aP w = °> 



(23) 



where rjjL are the Christoffel symbols derived from the metric 
fc/3. Varying with respect to N, one gets 



1 

2~/V2 



f a pq a q P + U(q) = 0, 



(24) 



that is a constraint equation. 

Eqs (|23|) and Q24[l describe geodesic motion in minisuper- 
space with a forcing term. The general solution of (|23ll . 11241) 
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requires (2n — 1) arbitrary parameters to be found. Eqs. II23II 
and (|24|) have to be equivalent, respectively, to the 00 and 
ij components of the Einstein field equations. This statement 
is not guaranteed since assuming a choice for the metric into 
the action and then taking variations to derive the minisuper- 
space field equations does not necessarily yield the same field 
equations. However, it holds in several cases, in particular for 
Bianchi models. In order to find the Hamiltonian, the canonical 
momenta have to be defined, that is 



dc <r 



t 

dq« ~ J " P N 
and the canonical Hamiltonian is 



H c = p a q a — C = TV 



IfpaPp + Uiq) 



(25) 



NH , (26) 



where f al3 (q) is the inverse metric on minisuperspace. The 
Hamiltonian form of the action is 



S = 



dt [p a q a - NH] 



(27) 



This equation means that the lapse function TV is a Lagrange 
multiplier and then the Hamiltonian constraint has to be 



n(q a yPa ) = lf^p a pp + U(q) = 0. 



(28) 



This is the minisuperspace reduction equivalent to the Hamil- 
tonian constraint of the full theory (|I2[) . integrated over the 
spatial hyp ersurf aces. Also the momentum constraint ((TTJl is 
identically satisfied. 

At this point, the canonical quantization procedure re- 
quires a time-independent wave function ^(q") that has to 
be annihilated by the quantum operator corresponding to the 
classical constraint ()28p . This fact gives rises to the the WDW 
equation, 



o. 



Since the metric f a ' depends on q there is a factor order- 
ing issue in (|29|l . This may be solved by requiring that the 
quantization procedure is covariant in minisuperspace, that is 
unchanged by field redefinitions of the 3-metric and matter 
fields, q a — > q a (q a ). This fact restricts the possible operator 
orderings to 



H = ~V 2 +£Jl + U(q). 



(30) 



where V 2 and 1Z are the Laplacian and curvature of the min- 
isuperspace metric f a p and £ is an arbitrary constant. 

The constant £ is fixed as soon as the minisuperspace met- 
ric is defined by the form of the action up to a conformal factor. 
From a classical viewpoint, the constraint ()28p can be multi- 
plied by an arbitrary function of q, Q~ 2 (q), and the constraint 
is identical in form but has metric f a p = Q 2 f a p and potential 
U = fl~ 2 U . The same is true in the actions (|22|) and (|27[) if 
one rescales the lapse function, N — > N — fl~ 2 N . However the 
quantum theory should also be insensitive to such rescaling. 
This is achieved if the metric dependent part of the opera- 
tor (|30|) is conformally covariant, that is the constant £ is the 
conformal coupling 



(n-2) 
8(n - 1) 



(31) 



for n > 2, where n is the space dimension [81I50|. 

The wave function of the universe can be obtained also by 
the path integral formalism. However, we do not consider such 
an approach any more here referring the interested reader to 
Ref.0. 

Before concluding this section, an important issue has to 
be addressed. It is how to interpret the probability measure 
in Quantum Cosmology. In fact, given a wave function <P(q a ), 
defined in a minisuperspace, one needs to a probability mea- 
sure. The question is to define a suitable probability measure. 
The WDW equation is a sort of Klein-Gordon equation and a 
current can be defined as 



J= 1 (Wr*W _ ^VO'*) 

It is conserved and satisfies the relation 



V- J = 0, 



(32) 



(33) 



thanks to the structure of the WDW equation. As in the case 
of the Klein-Gordon equation (and, in general, of hyperbolic 
equations), the probability derived from such a conserved cur- 
rent can be affected by negative probabilities. Due to this short- 
coming, the correct measure to use should be 



dP = \V{q a )\ 2 dV, 



(34) 



where dV is a volume element of minisuperspace. Also this as- 
sumption can be problematic since one of the coordinates q a 
is "time", so that (|34[) is the analogue of interpreting \&(x,t)\ 2 
in ordinary quantum mechanics as the probability of finding 
the particle in the space-time interval dxdt. This means that a 
careful discussion on the meaning of time in Quantum Cosmol- 
ogy has to be pursued. For details and alternative proposals see 
(531. 



(29) 4 Th e Noether Symmetry Approach 



As we said before, minisuperspaces are restrictions of the su- 
perspace of geometrodynamics. They are finite-dimensional con- 
figuration spaces on which point-like Lagrangians can be de- 
fined. Cosmological models of physical interest can be defined 
on such minisuperspaces {e.g. Bianchi models). According to 
the above discussion, a crucial role is played by the conserved 
currents that allow to interpret the probability measure and 
then the physical quantities obtained in Quantum Cosmol- 
ogy. In this context, the search for general methods to achieve 
conserved quantities and symmetries become relevant. The so- 
called Noether Symmetry Approach |86| . as we will show, can 
be extremely useful to this purpose. 

Before taking into account specific models, let us remind 
some properties of the Lie derivative and the derivation of the 
Noether theorem |54j . Let Lx be the Lie derivative 



(35) 



where ui is a differential form of R n defined on the vector field 
£, gl is the differential of the phase flux {gt} given by the 
vector field X on a differential manifold M. Let pt = Pg-t be 
the action of a one-parameter group able to act on functions, 
vectors and forms on the vector spaces C°°(M), D(A4), and 
A(M) constructed starting from M. It gt takes the point m 6 
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M in gt(m), then pt takes back on m the vectors and the forms 
defined on g t (m); pt is a pull back |55] . Then the properties 



Pt + 3 = ptpS , 

holds since 

gt+s =gt° g s . 

On the functions /, g € C°°{M) we have 

ptifg) = (ptf)(ptg) ; 

on the vectors X, Y G D(M), 

p t [X,Y] = [p t X,p t Y]; 
on the forms u,/i€ A(.M) 

/0 t (w A /i) = (p t w) A (ptp) 



(36) 
(37) 

(38) 
(39) 
(40) 



Lx is the infinitesimal generator of the one-parameter group 
pt, and, being a derivative on the algebras C°°(A4), D(A4), 
and A(M), the following properties have to hold 

aL x (fg) = (L x f)g + f(L x g), (41) 
L x [Y, Z] = [L x Y, Z] + [Y, L X Z], (42) 
L x (oJ/\p) = (L x oj)Ap + ujA{Lxp), (43) 

which are nothing else but the Leibniz rules for functions, vec- 
tors and differential forms, respectively. Moreover, 



L x f = Xf, 

L X Y = adX(Y) = [X,Y] 
Lxdui = dLxu , 



(44) 
(45) 
(46) 



where ad is the self-adjoint operator and d is the external 
derivative by which a p-form becomes a (p + l)-form. 

The discussion can be specified by considering a Lagrangian 
£ which is a function defined on the tangent space of configu- 
rations TQ = {gi, g\i}. In this case, the vector field X is 



where dot means derivative with respect to t, and 
L X C = XC = «*(«) J| + a (q) || • 



The condition 



(47) 



(48) 



(49) 



implies that the phase flux is conserved along X: this means 
that a constant of motion exists for £ and the Noether the- 
orem holds. In fact, taking into account the Euler-Lagrange 
equations 

d dC dC . . 

JtW~d¥ = ' (50) 

it is easy to show that 

d ( idC 



If (H| holds, 



dt \ a w ] = LxC - 



So=a w 



(51) 



(52) 



is a constant of motion. Alternatively, using the Cartan one- 
form 

Oc^^tf (53) 



and defining the inner derivative 



ixoc 



< 8c, X> 



we get, as above, 



txoc 



(54) 



(55) 



if condition (|49p holds. This representation is useful to identify 
cyclic variables. Using a point transformation on vector field 
(|47|l . it is possible to gelQ 



X = {i x dQ k 



d 
dQ> 



+ 



j t HxdQ k ) 



d 
dQ k 



(56) 



If X is a symmetry also X has this property, then it is always 
possible to choose a coordinate transformation so that 



ixdQ 1 



1 . 



ixdQ 1 — , i 1 . 



and then 



jt-J- ^=0 



(57) 



(58) 



It is evident that Q 1 is the cyclic coordinate and the dynamics 
can be reduced |54| . However, the change of coordinates is not 
unique and a clever choice is always important. Furthermore, 
it is possible that more symmetries are found. In this case more 
cyclic variables exists. For example, if Xi,X2 are the Noether 
vector fields and they commute, [Xi , X2] = 0, we obtain two 
cyclic coordinates by solving the system 



ixxdQ 1 = 1 , ix 2 dQ 2 = 1 , 



(59) 



ixidQ % = 0, i^l; ix 2 dQ 1 = , i / 2 . 

If they do not commute, this procedure does not work since 
commutation relations are preserved by diffeomorphisms. In 
this case 

X 3 = [X 1 ,X 2 ], (60) 
is again a symmetry since 



Lx 3 £ = Lx, LxnC* — Lx-iLx, C = 



^x 1 J^x 2 



(61) 



If X3 is independent of X± , Xi we can go on until the vector 
fields close the Lie algebra |56) . A reduction procedure by cyclic 
coordinates can be implemented in three steps: i) we choose 
a symmetry and obtain new coordinates as above. After this 
first reduction, we get a new Lagrangian C with a cyclic co- 
ordinate; ii) we search for new symmetries in this new space 
and apply the reduction technique until it is possible; iii) the 
process stops if we select a pure kinetic Lagrangian where all 
coordinates are cyclic. This case is not very common and often 
it is not physically relevant. Going back to the point of view 
interesting in Quantum Cosmology, any symmetry selects a 



4 We indicate the quantities as Lagrangians and vector fields 
with a tilde if the non-degenerate transformation 



T = Q'(q) 



is performed. However the Jacobian determinant 
J =|| dQ l /dg 3 || has to be non-zero. 
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(62) 



constant conjugate momentum since, by the Euler-Lagrange 
equations 

dt dt 

Viceversa, the existence of a constant conjugate momentum 
means that a cyclic variable has to exist. In other words, a 
Noether symmetry exists. 

Further remarks on the form of the Lagrangian C are neces- 
sary at this point. We shall take into account time-independent, 
non-degenerate Lagrangians C = C(q l ,q J ), i.e. 



dC 
dt 



= 0, 



detHij = det| 



d 2 c 

dq'dqi 



(63) 



where Hij is the Hessian. As in usual analytic mechanics, C 
can be set in the form 



C = T(q i ,q i )-V(q i 



(64) 



where T is a positive-defined quadratic form in the q 3 and 
V(q 1 ) is a potential term. The energy function associated with 
C is 

Ec = ^q -C{q\q 3 ), (65) 
and by the Legendre transformations 



dC 



(66) 



we get the Hamiltonian function and the conjugate momenta. 
Considering again the symmetry, the condition (|49[) and the 
vector field X in Eq. (|47p give a homogeneous polynomial of 
second degree in the velocities plus an inhomogeneous term in 
the q J . Due to ()49[) . such a polynomial has to be identically zero 
and then each coefficient must be independently zero. If n is 
the dimension of the configuration space (i.e. the dimension of 
the minisuperspace) , we get {l + n(n+l)/2} partial differential 
equations whose solutions assign the symmetry, as we shall see 
below. Such a symmetry is over-determined and, if a solution 
exists, it is expressed in terms of integration constants instead 
of boundary conditions. In the Hamiltonian formalism, we have 



[E h U] = Q, l<j<m, 



(67) 



as it must be for conserved momenta in quantum mechanics 
and the Hamiltonian has to satisfy the relations 



LrU = , 



(68) 



in order to obtain a Noether symmetry. The vector F is defined 
by [55] 

These considerations can be applied to the minisuperspace 
models of Quantum Cosmology and to the interpretation of 
the wave function of the universe. As discussed above, by a 
straightforward canonical quantization procedure, we have 



H 



7Tj = -idj , 

H(q J ,-id q] ). 



(70) 
(71) 



It is well known that the Hamiltonian constraint gives the 
WDW equation, so that if |<P" > is a state of the system (i.e. 
the wave function of the universe), dynamics is given by 



HW >=0, 



(72) 



where we write the WDW equation in an operatorial way. If 
a Noether symmetry exists, the reduction procedure outlined 
above can be applied and then, from (|62[) and (J66J) , we get 



- dC -a t 

7Tl = — = IX^C = El 

dQ 1 



7T2 



dC 



ix 2 8c 



(73) 



depending on the number of Noether symmetries. After quan- 
tization, we get 



i<9i|<f > = Til*' > , 
-i<9 2 |f > = E 2 \9 > , 



(74) 



which are nothing else but translations along the Q J axis sin- 
gled out by corresponding symmetry. Eqs. (|74|l can be imme- 
diately integrated and, being Ej real constants, we obtain os- 
cillatory behaviors for \\P > in the directions of symmetries, 



(75) 



W >= eiSjQj \x(Q l ) > , m<l<n, 

3=1 

where m is the number of symmetries, / are the directions 
where symmetries do not exist, n is the total dimension of 
minisuperspace. Viceversa, dynamics given by (|72[) can be re- 
duced by (|74|) if and only if it is possible to define constant 
conjugate momenta as in (|73[) . that is oscillatory behaviors of 
a subset of solutions \& > exist only if Noether symmetry exists 
for dynamics. 

The m symmetries give first integrals of motion and then 
the possibility to select classical trajectories. In one and two- 
dimensional minisuperspaces, the existence of a Noether sym- 
metry allows the complete solution of the problem and to get 
the full semi-classical limit of Quantum Cosmology |58| . In con- 
clusion, we can state that in the semi-classical limit of quantum 
cosmology, the reduction procedure of dynamics, connected to 
the existence of Noether symmetries, allows to select a subset of 
the solution of WDW equation where oscillatory behaviors are 
found. This fact, in the framework of the Hartle interpretative 
criterion of the wave function of the universe, gives conserved 
momenta and trajectories which can be interpreted as classical 
cosmological solutions. Vice-versa, if a subset of the solution 
of WDW equation has an oscillatory behavior, due to Eq. (|49p , 
conserved momenta exist and Noether symmetries are present. 
In other words, Noether symmetries select classical universes. 

In what follows, we will show that such a statement holds 
for general classes of minisuperspaces and allows to select exact 
classical solutions. In this sense, the presence of Noether sym- 
metries is a selection criterion for classical universes. Before 
this, let us discuss the general problem of Extended Theories 
of Gravity and their conformal properties. As we will see, most 
of theories of gravity can be conformally related to the Einstein 
one plus a suitable number of scalar fields. In this sense, the 
above standard minisuperspace approach works for any theory 
of gravity. 



5 Extending General Relativity 

In Sect.l, we discussed several issues, coming from fundamen- 
tal physics, astrophysics and cosmology, that lead to take into 
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account effective theories where the gravitational action has to 
be generalized with respect to the standard Hilbert-Einstein 
one. In Quantum Cosmology, the question of the effective ac- 
tion of gravity is crucial since, in general, we do not know the 
initial conditions from which our classical, observed universe 
emerged. This means that general criteria to study minisu- 
perspace models coming from Extended Gravity are extremely 
relevant towards a full theory of Quantum Gravity. 

In this section, without pretending to be complete, we out- 
line the main features of higher-order and scalar-tensor gravity 
as examples of Extended Theories of Gravity. For a detailed 
discussion, see |10U11| . 

We will consider two main features: 

— first, the geometry can couple non-minimally to some scalar 
field; 

— second, derivatives of the metric components of order higher 
than second may appear. 

In the first case, we say that we have scalar-tensor gravity, 
and in the second case we have higher order theories. Combi- 
nations of non-minimally coupled and higher order terms can 
also emerge in effective Lagrangians, producing mixed higher 
order/scalar-tcnsor gravity [10, 11 , 59 .A general class of higher- 
order-scalar-tensor theories in four dimensions is given by the 
action 



S = Id x-J— 



g [f(R, OR, a 2 R, ..D k R, (/>)+ 

„ + C (m) ] , (76) 



where F is an unspecified function of curvature invariants and 
of a scalar field (f>. The term £' m \ as above, is the minimally 
coupled ordinary matter contribution, considered here as a per- 
fect fluid; e is a constant which specifies the theory. Actually its 
values can be e = ±1, fixing the nature and the dynamics of 
the scalar field which can be a standard scalar field, a phantom 
field or a field without dynamics (see 160,61,62 for details). In 
the metric approach, the field equations are obtained by vary- 
ing iffo]) with respect to g^. We get 



G" 



K T" V + ^g" v {F-gR) + 



i=l 3 *=1 

. i-n dF 



da*R 



X 



a 



3-1 



liis Act 

9 9 



dF 



ODiR 



where G M " is the above Einstein tensor and 



= £' 



J=0 



OF 
dOJR 



(77) 



(78) 



The differential Eqs.JTT]) are of order (2k + 4). The stress- 
energy tensor is due to the kinetic part of the scalar field and 
to the ordinary matter: 



Tun — T, 



(79) 



The (possible) contribution of a potential V((j>) is contained in 
the definition of F. From now on, we shall indicate by a capital 
F a Lagrangian density containing also the contribution of a 
potential V(4>) and by F(4>), f(R), or f(R,OR) a function of 
such fields without potential. 

By varying with respect to the scalar field (f>, we obtain the 
Klein-Gordon equation 



end, = 



dF 



(80) 



The simplest extension of GR is achieved assuming, 

F = f(R) , e = 0, (81) 



in the action (J76J). The standard Hilbert-Einstein action is, of 
course, recovered for f(R) = R. Varying with respect to g a p, 
we get 



f{R)R„u - ^ 9»v = V M V„/'(i?) - g^af(R) , 



and, after some manipulations, 



(82) 



f'(R) 



{V M V,/'(i?)- 5 ^Q/ , ( J R)+ 



[f(R)-f'(R)R] 



(83) 



where the gravitational contribution due to higher-order terms 
can be simply reinterpreted as a stress-energy tensor contribu- 
tion. This means that additional and higher-order terms in the 
gravitational action act, in principle, as a stress-energy ten- 
sor, related to the form of f(R). Considering also the standard 
perfect-fluid matter contribution, we have 



1 



f'(R) 



:9^ \f(R) - Rf'(R)] 



kT 



(m) 



f'{R); af) -9^f{R)}+'j^ 



rp(curv) . 
1 af) T 



T 



(ml 



a/3 



f'(R) 



(84) 



where T^p TV ^ is an effective stress-energy tensor constructed 

by the extra curvature terms. In the case of GR, T^ rv) iden- 
tically vanishes while the standard, minimal coupling is recov- 
ered for the matter contribution. The peculiar behaviour of 
f(R) = R is due to the particular form of the Lagrangian it- 
self which, even though it is a second order Lagrangian, can be 
non-covariantly rewritten as the sum of a first order Lagrangian 
plus a pure divergence term. The Hilbert-Einstein Lagrangian 
can be in fact recast as follows: 

Lhe = C.HE\/—g = 

= [p aP {FLr° p!) - r p pa r^) + v„(p af, u° aS )] , 



where: 



v = v-gg = 



dc 



OR. 



a P 



(85) 
(86) 
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r is the Levi-Civita connection of g and u" a p is a quantity con- 
structed out with the variation of F |64| . Since u^p is not a 
tensor, the above expression is not covariant; however a stan- 
dard procedure has been studied to recast covariance in the 
first order theories. This clearly shows that the field equations 
should consequently be second order and the Hilbert-Einstein 
Lagrangian is thus degenerate. 

From the action (|76[) . it is possible to obtain another inter- 
esting case by choosing 



F = F(cj>)R-V(<f>).. 



-1 . 



(87) 



In this case, we get 



S = j V(tj>) 



V(<f>) and F{(j>) are generic functions describing respectively 
the potential and the coupling of a scalar field <f>. The Brans- 
Dicke theory of gravity is a particular case of the action H88H 
for V((f>)=0. The variation with respect to g^ gives the second- 
order field equations 



F{4>)G^ = F{4>) 



l 



2 ^ 



9^n g F(cl>) + F(<j>).^ , (89) 



here O g is the d'Alembert operator with respect to the metric 
g. The energy-momentum tensor relative to the scalar field is 



rplp 



b w - ^g^</>; a 4>T + g^v(4>) . (90) 



The variation with respect to cj> provides the Klein - Gordon 
equation, i.e. the field equation for the scalar field: 



n g< p- RF^cfi + Vticp) = 0, 



(91) 



where FA<t>) = —rr^-, V<t>(<j>) = j ■ This last equation is 

d(j> d(j> 

equivalent to the Bianchi contracted identity |65| . 



6 Conformal Transformations 

Conformal transformations are mathematical tools that are 
very useful in Extended Theories of Gravity in order to dis- 
entangle the further gravitational degrees of freedom coming 
from extended actions (see 66 , 67 , 68J for reviews). In Quan- 
tum Cosmology, they are transformations configuration spaces 
in minisuperspace models. The idea is to perform a conformal 
rescaling of the spacetime metric — > g^ v . Often a scalar 
field is present in the theory and the metric rescaling is accom- 
panied by a (nonlinear) redefinition of this field <j> — > <j>- New dy- 
namical variables are thus obtained. The scalar field 
redefinition serves the purpose of casting the kinetic energy 
density of this field in canonical form. The new set of variables 
|i? MJ/ , <^>| is called the Einstein conformal frame, while {g^, 4>} 
constitute the Jordan frame. When a scalar degree of freedom 
(f> is present in the theory, as in scalar tensor or f(R) gravity, 
it generates the transformation to the Einstein frame in the 
sense that the rescaling is completely determined by a func- 
tion of (j). In principle, infinitely many conformal frames could 



be introduced, giving rise to as many representations of the 
theory. 

Let the pair {-M,g M „} be a spacetime, with M a smooth 
manifold of dimension n > 2 and g^ v a Lorentzian or Rie- 
mannian metric on M. The point-dependent rescaling of the 
metric tensor 



g^u — g^f 



(92) 



where the conformal factor O(x) is a nowhere vanishing, reg- 
ulaiQ function, is called a Weyl or conformal transformation. 
Due to this metric rescaling, the lengths of spacelike and time- 
like intervals and the norms of spacelike and timelike vectors 
are changed, while null vectors and null intervals of the metric 
g^v remain null in the rescaled metric g^ v . The light cones are 
left unchanged by the transformation (|92|) and the spacetimes 
{M, g^v} and {-M,g M „} exhibit the same causal structure; the 
converse is also true |75| . A vector that is timelike, spacelike, 
or null with respect to the metric (j M „ has the same character 
with respect to gr M , y , and vice-versa. 

In the ADM decomposition of the metric, using the lapse 
function TV and the shift vector TV 1 , the transformation prop- 
erties of these quantities follow from Eq. (|92|1 : 



TV = ON . 



TV 1 = TV 1 



(93) 



The ADM mass of an asymptotically flat spacetime [72] does 
not change under the conformal transformation and scalar field 
redefinition [73] . The transformation properties of various ge- 
ometrical quantities are useful [741175] . Some of them are: 



9 



H 9, 



(94) 



for the inverse metric and the metric determinant, 

= r 3 a 7 + n- 1 (6%v^n + s^v^n - gp 1 ^ a n) , (95) 

for the Christoffel symbols, 

R a M = Rccg-y 6 + 2 Sf a V p] V 7 (ln !2) + 
-2/ CT 3 7[Q V^V CT (lnfi) + 
+2V [Q (lnfi)4]V 7 (lni7) + 
-2V [a {\nn)gp ]l9 S ° V CT (lnfi) + 
-2g lla S s ] 9 ap V*(lnn) V p (lnfl), 
for the Riemann tensor, 

R a p = Raj} -(n- 2)V a V (ln Q) + 
- ffQ/33 p<T V CT V p (lnJ?) + 
+ (n - 2) V Q (In O) (In Q) + 
- (n - 2) g aP p pCT V P (In n) V CT (ln fi) , 

for the Ricci tensor, and 

R = g a ^R a p = [R-2 (n - 1) □ (In O) + 



(96) 



(97) 



(n-1) (n- 2) 



Q 2 



(98) 



5 Sec 69,70,71 for the possibility of continuation beyond 
singular points of the conformal factor. 



10 



S. Capozziello et al.: Hamiltonian Dynamics in Extended Gravity Cosmology 



for the Ricci scalar. In the case of n = 4 space-time dimensions, 
the transformation property of the Ricci scalar can be written 
as 



r = n~ 



= n~ 



R 



n 



n 12D(V^) 3g aP V a ftVpf2 
R 7= 1 



n 2 



(99) 



The Weyl tensor C a p~, with the last index contravariant is 
conformally invariant, 



a 



Pi 



a 



pi 



(100) 



but the same tensor with indices raised or lowered with re- 
spect to C a f3~, s is not. This property explains the name con- 
formal tensor used for C a p~f S [76] . If the original metric g a p 
is Ricci-flat (i.e., R a p = 0), the conformally transformed met- 
ric g a p is not Eq. (|97[) . In the conformally transformed world 
the conformal factor f2 plays the role of an effective form of 
matter and this fact has consequences for the physical interpre- 
tation of the theory. A vacuum metric in the Jordan frame is 
not such in the Einstein frame, and the interpretation of what 
is matter and what is gravity becomes frame-dependent [77] . 
However, if the Weyl tensor vanishes in one frame, it also van- 
ishes in the conformally related frame. Conformally flat metrics 
are mapped into conformally flat metrics, a property used in 
cosmology when mapping FRW universes (which are confor- 
mally flat) into each other. In particular, de Sitter spaces with 
scale factor a(t) = ao exp (Hot) and a constant scalar field as 
the material source are mapped into similar de Sitter spaces. 
Since, in general, tensorial quantities are not invariant under 
conformal transformations, neither are the tensorial equations 
describing geometry and physics. An equation involving a ten- 
sor field ip is said to be conformally invariant if there exists 
a number w (the conformal weight of ip) such that, if ip is a 
solution of a tensor equation with the metric g^ v and the as- 
sociated geometrical quantities, ijj = fi w ip is a solution of the 
corresponding equation with the metric g^ and the associ- 
ated geometry. In addition to geometric quantities, one needs 
to consider the behavior of common forms of matter under con- 
formal transformations. It goes without saying that most forms 
of matter or fields are not conformally invariant: invariance 
under conformal transformations is a very special property. In 
general, the covariant conservation equation for a (symmetric) 
stress-energy tensor T^S 1 representing ordinary matter, 



Vri^ =o, 



(101) 

is not conformally invariant |75| . The conformally transformed 
fffg satisfies the equation 



P rp ( m ) 



a/3 



T [m> Va (In Q) 



(102) 



Clearly, the conservation equation p01|) is conformally invari- 
ant only for a matter component that has vanishing trace T^ 71 ' 
of the energy-momentum tensor. This feature is associated with 
light-like behavior; examples are the electromagnetic field and 
a radiative fluid with equation of state P^" 1 ' = p' m '/3. Unless 
_ Eq. (|102p describes an exchange of energy and mo- 
mentum between matter and the scalar field Q, reflecting the 
fact that matter and the geometric factor O are directly cou- 
pled in the Einstein frame description. Since the geodesic equa- 
tion ruling the motion of free particles in GR can be derived 



from the conservation equation (|101l) (geodesic hypothesis), it 
follows that timelike geodesies of the original metric g a p are not 
geodesies of the rescaled metric g a p and vice-versa. Particles 
in free fall in the world (M,g a p) are subject to a force pro- 
portional to the gradient V a i? in the rescaled world {M,g a p} 
(this is often identified as a fifth force acting on all massive par- 
ticles and, therefore, it can be said that no massive test parti- 
cles exist in the Einstein frame). The stress-energy tensor def- 
inition in terms of the matter action >S' m ' = j d 4 x y/—g£^ m ', 



1 a/3 — 



-2 



-g 6g°>f> 

together with the rescaling (|92|> of the metric, yields 



(103) 



T 



(m) 



a/3 



r p 



(m) 



n- 4 Tj (m) 



£2 — 6rj-ta.0( rn ) rp(rri) q — 4 r£ (m) 



(104) 



The last equation makes it clear that the trace vanishes 
in the Einstein frame if and only if it vanishes in the Jordan 
frame. 

In this context, it is relevant to discuss the behavior of 
the Klein-Gordon equation. In fact, the source-free equation 
0(f> = in the absence of self-interactions is not conformally 
invariant. However, its generalization 



□ © - 



4(n 



Rd> = 0, 



(105) 



for n > 2 is conformally invariant as pointed out in the above 
discussion of minisuperspace quantization procedure [78 , 79 , 
I75| . It is reasonable to allow for the possibility that the scalar 
(j> acquires a mass or other potential at high energies and, ac- 
cordingly, in particle physics and in cosmology it is customary 
to introduce a potential energy density V(<j>) for the Klein- 
Gordon scalar. We have already discussed how a non-minimal 
coupling between <j> and the Ricci curvature arises. The intro- 
duction of non-minimal coupling with £ 7^ makes the theory 
a scalar-tensor one. 

The Klein -Gordon equation is conformally invariant in four 
space- time dimensions if £ = 1/6 and V = or V = \(j> 4 [7811801 
I75| . Even a constant potential V, equivalent to a cosmological 
constant, corresponds to an effective mass for the scalar (not 
to be identified with a real mass [81| ) which breaks conformal 
invariance [82] . 

Although unintuitive, it is not difficult to understand why a 
quartic potential preserves conformal invariance on the basis of 
dimensional considerations. Conformal invariance corresponds 
to the absence of a characteristic length (or mass) scale in the 
physics. In general, the potential V((f>) contains dimensional 
parameters (such as the mass m in V = m 2 (j> 2 /2) but, when 
V = X(j) 4 , the dimension of V (a mass to the fourth power) is 
carried by (f> 4 and the self-coupling constant A is dimension- 
less, i.e., there is no scale associated to V in this case. We 
will discuss these cases in the minisuperspace framework by 
considering the related Noether symmetries. 



7 Extended Minisuperspace Models 

In what follows, we shall give realizations of the above ap- 
proach for minisuperspace cosmological models derived from 
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Extended Theories of Gravity. As we saw in previous sections, 
the existence of a Noether symmetry for a given minisuper- 
space is a sort of selection rule to recover classical behaviors in 
cosmic evolution. The so called Hartle criterion to select corre- 
lated regions in the configuration space of dynamical variables 
is directly connected to the presence of a Noether symmetry 
and we will show that such a statement works for minisuper- 
space models coming from Extended Gravity. 

The approach is connected to the search for Lagrange mul- 
tipliers. In fact, imposing Lagrange multipliers allow to modify 
the dynamics and select the form of effective potentials. By 
integrating the multipliers, solutions can be achieved. In our 
case, such solutions are cosmological ones. 

On the other hand, the Lagrange multipliers are constraints 
capable of reducing dynamics in scalar-tensor and higher-order 
theories. Technically they are anholonomic constraints being 
time-dependent. They give rise to field equations which de- 
scribe dynamics of the further degrees of freedom coming from 
Extended Theories of Gravity. This fact is extremely relevant 
to deal with new degrees of freedom under the standard of effec- 
tive scalar fields |57| . Below, we give minisuperspace examples 
and obtain exact cosmological solutions for non-minimally cou- 
pled and higher-order theories. In particular, we show that, by 
imposing Lagrange multipliers, a given minisuperspace model 
becomes canonical and Noether symmetries, if exist, can be 
found out. Finally, it is possible to show that Noether sym- 
metries allow also to classify finite-time singularities. In other 
words, as soon as symmetries are broken, singularities emerge 
at finite. 



7.1 Scalar- Tensor Gravity Cosmologies 



Let us take into account a nonminimally coupled theory of 
gravity of the form 



by (g9j is 



^ - V{4>) 



(106) 



where, as said, F(<j>) and V(<j>) are respectively the coupling 
and the potential of a scalar field |93| . We are using physical 
units 8ttG = c = h = 1, so that the standard Einstein coupling 
is recovered for F((f>) — —1/2. 

Let us restrict to a FRW minisuperspace. The Lagrangian 
in (|106|l becomes point-like, that is 



C = 6aa 2 F + 6a 2 aF — 6kaF + a' 5 



4> 



v 



(107) 



in terms of the scale factor a. The configuration space of such a 
Lagrangian is Q = {a, <f>}, a bidimensional minisuperspace. 
A Noether symmetry exists if (|49|l holds. In this case, it has to 
be 



d _ d . d i d 
X = a—+(3—+a—+f3-j 
oa oq> oa dd> 



(108) 



where a, /? depend on a, <j>. This vector field acts on the Q min- 
isuperspace. The system of partial differential equation given 



a F{<t>) 



a + 2a 



Oa 



+ aF'{<l > ) 



/3 + a 



d3_ 

da 



0, 



apF"{4>) + 



da d/3 
2a + a— + 

oa dtp 



F'(<f>) + 



„9a„, ,, a 2 dB 
[3aV(<j>) + a(3V ' {cj>)]a 2 + 6fe[aF(0) + afiF' (<f>)] = . 



(109) 
(110) 

(111) 

D. 

(112) 



Prime indicates the derivative with respect to <j>. The number 
of equations is 4 as it has to be, being n = 2 the Q-dimension. 
Several solutions exist for this system [93 65 94 . They deter- 
mine also the form of the model since the system (|109|) - (|112p 
gives a, f3, F(<f)) and V (</))■ For example, if the spatial curvature 
is k = 0, a solution is 



where 



F(4) = D(s)<p 2 , V{<f>) = A^ 2p(s) , 
(2s + 3) 2 



D(s) 
p(s) 
m(s) 



48(s + l)(s + 2) 

3(s + 1) 
2s + 3 ' 

2s 2 + 6s + 3 
2s + 3 ' 



(113) 
(114) 

(115) 
(116) 



(117) 



and s, A are free parameters. The change of variables (|57[) gi 



3 .2p(s) 

w = o~oa cp , z 



-s,l-m(s) 



where o~o is an integration constant and 

, . 6s 

x(s) = -27T^ 

Lagrangian (|107[) becomes, for k = 0, 

£ = "/(s)w 3 ^ 3 zw — Xw . 
where z is cyclic and 

2s + 3 



7 (s) = 



12a2(s + 2)(s + l) 
The conjugate momenta are 



(118) 



(119) 



(120) 



(121) 



dC 



dC 

dw 



7 (s)w a/3 i, (122) 



and the Hamiltonian is 



H = 



7(s)u> s / 3 



+ Aw. 



(123) 
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The Noether symmetry is given by 

vr z = r . (124) 

Quantizing Eqs. (|122p . we get 

tv — ► — id z , tt w — > —id w , (125) 

and then the WDW equation 

[(id z )(id„) + W +S/3 ]|<F >=o, (126) 

where A = j(s)X. The quantum version of constraint <1124[) is 

-id z \V >= Z \V > , (127) 

so that dynamics results reduced. A straightforward integra- 
tion of Eqs. (fT26)l and (fT27)l gives 



\9 >= \n{w) > \x(z) >oc e lE ° z e - iXu;2+ 



./3 



(128) 



which is an oscillating wave function and the Hartle criterion 
is recovered. In the semi-classical limit, we have two first inte- 
grals of motion: So (i-e. the equation for n z ) and Ec = 0,i.e. 
the Hamiltonian ()123|) which becomes the equation for ix w . 
Classical trajectories in the configuration space Q = {w, z} 
are immediately recovered 

w(t) = [feit + fc 2 ] 3/(s+3) , (129) 
z(t) = [M + k 2 ]^ +r,)/{s+3) + z , (130) 

then, going back to Q = {a, <j>}, we get the classical cosmolog- 
ical behaviour 



a(t) = a (t-to) l(s) , 



where 



l(s) 



2s 2 + 9s 



lis) 



2s 



(131) 
(132) 

(133) 



s(s + 3) s 

which means that Hartle criterion selects classical universes. 
Depending on the value of s, we get Friedman, power-law, or 
pole-like behaviors. 

An important remark has to be done at this point. Noether 
symmetries are a useful tool also to classify singularities. For 
example, for s = -2 ± s/2, Eg. (THE?]) assumes the value l(s) — 
— 1. In this case, we get the solution 



a(t) = 



flu 



(t-to)' 



(134) 



This means that given values of the parameter s leads to future 
singularities of the scale factor a(t) where the symmetry is 
broken. In order to obtain a comprehensive classification of 
singularities, we need also to know the behavior of the density 
p and the pressure p related to the scalar field cj>. In our scalar- 
tensor models, they are 



P = 



2D(s) 



p = 



2D(s 



-<j> 2 + V(4>) + 12D{s)H4>4> 



(135) 



i^ 2 - 1/(0) + 4D{s) ( W + 2HH - $ 



where H — - is the Hubble parameter. These equations corre- 
spond to the minimally coupled analogue forms 



P= z<t> +V(4>): 



(137) 



(138) 



Clearly, also p and p are functions of s and then it is easy to 
achieve the classification of finite-time singularities according 
to the value of parameter s (see also |61)1: that is 

— Type I ("Big Rip") : For t — ¥ to, a — > oo, p — s>oo and 
|p| — > cxj. This also includes the case of p, p being finite at 
to- 

— Type II ("sudden") : For t — > to, a — > oq, p — > po and 

|p| — > oo 

— Type III : For t — > to, a— >ao, p — > oo and |p| — > oo 

— Type IV : For t — > to, a — > ao, p — > 0, \p\ — > and higher- 
derivatives of H diverge. This also includes the case when p 
(p) or both of them tend to some finite values while higher 
derivatives of H diverge. 

In conclusion, the presence of Noether symmetries allows a full 
classification of singularities which, from another point of view, 
correspond to the breaking points of symmetries. 

Finally, if we take into account generic Bianchi models, the 
configuration space is Q = {ai, a2, <Z3, <j>} and more than one 
symmetry can exist as it is shown in |56) . The considerations 
on the oscillatory regime of the wave function of the universe 
and the recovering of classical behaviors are exactly the same. 



7.2 Fourth-Order Gravity Cosmologies 

Similar arguments work for higher-order gravity minisuper- 
spaces. In particular, let us consider fourth-order gravity given 
by the action 



-gf(R) 



(139) 



where f(R) is a generic function of scalar curvature. If f(R) = 
R + 2A, the standard second-order gravity is recovered. We 
are discarding matter contributions for the sake of simplicity. 
Reducing the action to a point-like, FRW one, we have to write 



dtC{a, a; R, R) . 



(140) 



where dot means derivative with respect to the cosmic time. 
The scale factor a and the Ricci scalar R are the canonical 
variables. This position could seem arbitrary since R depends 
on a, a, o, but it is generally used in canonical quantization [951 
43 ( 95]. The definition of R in terms of a, a, a introduces a con- 
straint which eliminates second and higher order derivatives in 
action ()140|) . and yields to a system of second order differential 
equations in {a, R}. Action (|140|) can be written as 



5 = 2tt 2 I dt\ a 3 f(R) - A 



.'da k 
R + 6l~ + -z + -z 



(136) 



(141) 

where the Lagrange multiplier A is derived by varying with 
respect to R. It is 

A = a 3 f'(R) . (142) 
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(158) 



Here prime means derivative with respect to R. To recover the Lagrangian (|144[) becomes 
analogy with previous scalar-tensor models, let us introduce 

the auxiliary field ~i ■ -\ ■ ■ n -2 . w OTI/ 

J , £ (w, w, z ) = zw - 2wz H 3W w. (156) 

p=f(R), (143) w 

so that the Lagrangian in (|141[) becomes and, obviously, 2 is the cyclic variable. The conjugate momenta 

2 2 3 cliTG 

£ = 6aa p + 6a hp — 6kap — a W(p) , (144) gf 

n z = — =w-<H = Z , (157) 

which is of the same form of ()107p a part the kinetic term. This 

is an Helmhotz-like Lagrangian |97) and a,p are independent ^ _ dC _ ^ ^™ 

fields. The potential W(p) is defined as dw w 

and the Hamiltonian is 

W(p) = h(p)p-r(p), (145) 

■nl 2 

wnere H(w, TY W ,TY Z ) = 7V W 7Y Z — — + 2W1T W + 6WqW . (159) 

r(j)} — J f'(R)d.R = J pdR — f(R) h(p) = R (146) canonical quantization, reduced dynamics is given by 

[dl - 2w 2 d 2 w - wd w d z + 6W w 2 ] \V >= , (160) 

such that h = (/') 1 is the inverse function of /'. The config- 
uration space is now Q = {a,p} and p has the same role of the _ id z W >= £ \ty > . (161) 
above <f>. Condition (I49B is now realized by the vector field 

However, we have done simple factor ordering considerations 
Q d d ■ d m the WDW equation ()160p . Immediately, the wave function 

X = a(a,p)— + P(a,p)g^ + a-^r + /3^r , (147) has an oscillatory factorj being 

and explicitly it gives the system \<P >~ e z2j ° z \x(w) > . (162) 



a p 



„ dot 
a + 2a — 
da 



p + a 



P + a 7T 
oa 



= , (148) 



2 da 



The function \\ > satisfies the Bessel differential equation 

X (w) = 0, (163) 



w 2 dw + i— - w d w + ( — p — 3Wqw' 



^-=0, (149) 

2q -f. + 2p^- + a— = (150) whose solutions are linear combinations of Bessel functions 



da dp dp z v {w) 

where 



6k[ap + f3a]+a 2 [3aW + a/3^-] =0. (151) xW = ^ 1/2 lS °' A Z v {Xw) , (164) 



The solution of this system, i.e. the existence of a Noether 

symmetry, gives a, ft and W(p). It is satisfied for ^ = ±i y^4 - 91^ - i4I7o , A = ±9y -7^ ■ (165) 

a = a(o) , P{a,p) = /3oa s p, (152) 

The oscillatory regime for this component depends on the real- 
where s is a parameter and /3 is an integration constant. In ity of v and A T he wave function of the universe, from Noether 
particular, symmetry (|153|) is then 

, = 0_>a(a) = -f «, ^) = i3„p, ^ jW ,)~e^[-a/4)i n »] w V 2 ^ (Au)) . (166) 

For large w, the Bessel functions have an exponential behavior, 
W(p) = Wop , fc = , (153) so that the wave function (|166[) can be written as 



^ e i[E z-(£ /4) hxw±\w] (167) 

« = -2-»a(o)=-^, /3(a,p) = /3o4. 

a a Due to the oscillatory behaviour of Hartle's criterion is im- 

mediately recovered. By identifying the exponential factor of 
W(p) = Wip s , V k , (154) JT67J with So, we can recover the conserved momenta ty z , ty w 

and select classical trajectories. Going back to the old vari- 
where W and Wi areconstants. Let us discuss separately the abJ we t the cosmological so i utions 
solutions (fT53l) and flggt. 



aW^aoe^expl^le-^/ 3 ' 4 }, (168) 



7.2.1 The case s = 



p(t) = p e (A/6)t exp {«i e ^ (2A/3,t } , (169) 

md z\ are integration c 
ole of a cosmological c 

w(a,p) = a i p, z{p)—\np. (155) behavior is asymptotically recovered. 



The induced change of variables Q = {a,p} — > Q = {it;, z} can where ao,po and zi are integration constants. It is clear that 
be A plays the role of a cosmological constant and inflationary 
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7.2.2 The case s = -2 

The new variables adapted to the foliation for the solution 
(| 154p are now 



OR = R + 3-R, 



(182) 



w(a,p) = ap, z{a) — a 2 . 
and Lagrangian (|144[) assumes the form 

C(w, w, z) = 3zw — 6kw — Wiw 3 
The conjugate momenta are 



dC 

dz 



3w = E\ 



dC 
aw 



The Hamiltonian is given by 



H(w, 1T W ,TT,) = - TV Z TV W + 6kw + WlW 



(170) 
(171) 

(172) 
(173) 

(174) 



Going over the same steps as above, the wave function of the 
universe is given by 



and the classical cosmological solutions are 

ci + {Si/3)t 



a{t) = ±y/h{t), p(t) 



(175) 



(176) 



where 



V 36 
+ | kSi + 



t 2 + 



+w 1 (6k + Wiwl)t + z 2 . 



(177) 



wi, Z\ and Z2 are integration constants. Immediately we see 
that, for large t 



a(t) ~ £ 2 



P(t) ~ \ 



which is a power-law inflationary behavior. An extensive dis- 
cussion of Noether symmetries in f(R) gravity is in [63] . 



7.3 Higher than Fourth-Order Gravity Cosmologies 

Minisuperspaces which are suitable for the above analysis can 
be found for higher than fourth-order theories of gravity as 



d 4 xV=gf(R,oR). 



(179) 



In this case, the configuration space is Q = {a, R, OR} consid- 
ering OR as an independent degree of freedom 43,96,22 . The 
FRW point-like Lagrangian is formally 



C = C{a,a,R,R,nR,(DR)) 
and the constraints 

2 



R 



a la 

-+[- 

a \ a 



+ 



(180) 



(181) 



holds. Using the above Lagrange multiplier approach, we get 
the Helmholtz point -like Lagrangian 



C = 6od p + 6a dp — Qkap — a hq — a W(p, q) . 
where 

_ df 

P = 3D ' 1 



Of 



and 



dOR ' 

W(p, q) = h(p)p + g(q)q - f , 
h(p) = R, g(q) = OR, f = f(R,OR). 



(183) 

(184) 
(185) 

(186) 



Now the minisuperspace is 3-dimensional but, again, the Noether 
symmetries can be recovered. Cases of physical interest |22| are 

f(R, OR) = FoR + FiR 2 + F2R0R , (187) 

f{R,OR) = F R + fWROR, (188) 

discussed in details in |98) . Also here the existence of the sym- 
metry selects the form of the model and allows to reduce the 
dynamics. Once it is identified, we can perform the change of 
variables induced by foliation using Eqs. (|59|l . if a symmetry is 
present, is two symmetries are present. In both cases, 



Q = {a,R,OR} — > Q = {z,u,w}., 



(189) 



where one or two variables are cyclic in Lagrangian ()183p . Tak- 
ing into account, for example, the case l)188p . we get 



L = 3[ww 2 — kw] — F\ 



6ww u + 6w wu H Skwu 

2u z 



(190) 

where we assume Fq = —1/2, the standard Einstein coupling, 
z is the cyclic variable and 



u = V ~R~ 



(178) The conserved quantity is 



S = 



2v? 



(191) 



(192) 



Using the canonical procedure of quantization and deriving the 
WDW equation from (|190|) . the wave function of the universe 
is 

\<lr >~ e^'lxOi) > je(™) > , (193) 

where x( u ) anc ' <9( w ) are combinations of Bessel functions. 
The oscillatory subset of the solution is evident and the Har- 
tle criterion is recovered. In the semi-classical limit, using the 
conserved momentum l)192p , we obtain the cosmological be- 
haviours 



a(t) = aot , a(t) — aot 



1/2 



a{t) = aoe 



(194) 



depending on the choice of boundary conditions. 

However, the above considerations of singularities at finite 
time holds also for higher-order theories of gravity. Also in 
these cases, they can be classified according to the presence of 
Noether symmetries. 
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8 Noether Symmetries and Conformal 
Transformations 



To conclude the discussion, we want now to analyze the com- 
patibility between the conformal transformation connecting 
Jordan frame and Einstein frame, and the presence of Noether 
symmetries. In other words, we want to analyze how minisu- 
perspace models, derived by the Noether Symmetry Approach, 
behave under the action of conformal transformation. 

Since the existence of a Noether symmetry implies the ex- 
istence of a vector field X along which LxC — 0, this happens 
if the Lie derivative of the Lagrangian along a vector field is 
preserved. Let us define a vector field X (in time 77) acting on 
the minisuperspace Q in the Einstein frame and in the Jordan 
frame. We want to investigate how this vector field acts on one 
of the above point-like Lagrangians under a conformal trans- 
formation. Let us consider the minisuperspace model (|106|) . 

Thus, a given lift-vector field of the form |55] 



^=4 + 4 +Q '^ + ^'^' (195) 



where a — a(a, <b), P = f3(a, <b), corresponds, under conformal 
transformations, to the lift-vector field on the configuration 
space (a, <j>) 



- d - D d < 8 z > d 

X„ = a— + p-= + a + P ttt; 
da d<b 



da' 



(196) 



by 



Lx v £ v 



da V oa 



' 2 1 

a + 



+a 
+6 



^ da dp 



l'2 



+ 

da dp . 



d(j) 6 da 



1 if 
a <p 



-a i {AaV + apV^) - 6a(2Fa + J>/3)/t , 



in which we have taken into account that 

da , da , > dp , 9/3 , 

Eq. (|199p . under the transformation becomes 
Lx 71 £ v = 

da dp 



(199) 
(200) 



2Fp+(p + a^)F, 
da \ da 



2.2 , 
a a + 



+a 
+6 



2 12 , 

a <p + 



+2F da + ^dp 
deb 6 da 



a am + 



-a i {AaV + aPV<t.) - 6a(2Fa + F <t> aP)n , 



(201) 



where a — a(a, (b), p = p(a, cb) are connected to a = a(a, (b), 
P = P(a, <b) through a Jacobian matrix. Here the prime means 
the derivative with respect to the time r\. The Lie derivative of 
the Lagrangian C n along the vector field X v corresponds then 
to the Lie derivative of jC v along X v |84| 



£x v L v — L Xr) C v . 



(197) 



Therefore, if X v is a Noether vector field relative to £, v one has 



L Xrl £ v = , 



(198) 



and, from (|197l) . X v is a Noether vector field relative to £ v - The 
choice of rj as time-coordinate is convenient from a formal point 
of view, but in order to analyse the phenomenology relative to a 
given model and to obtain then quantities comparable with the 
observational data, the appropriate choice of time-coordinate 
is the cosmic time t. The problem with the cosmic time is 
that it is not preserved by the conformal transformation. Thus 
the conformal transformation we are considering does not take 
simply the form of a "coordinate transformation" on the phase 
space {a, <b}, therefore its compatibility with the presence of a 
Noether symmetry cannot be easily verified. Of course it must 
hold also under such a choice of time-coordinate. 

We do not decide to verify such a compatibility directly. 
Rather, we analyse how the Lie derivative Lx^Cri in the Jor- 
dan frame is transformed under the time transformation which 
connects t with n |83) . The explicit expression of Lxr,jO v is given 



which can be written as 
Lx n J~- v = 6a 



aF + 2aF^ + a (p + a^- ) 



a + 



+a° 



+6a 



+2F 



3 ^ da dp 
_ a + 6F +a 



+ 



2a + a^- + a^ ) 



da a 2 dP 



6 da 

6a(Fa + F,f,aP)K, — QaFaa 



a<b - a i (3aV + apVj,) + 

3i2 

aa <f> + 



-QaF^a 2 a(b — GaFaK — aa 3 V. 



(202) 



The Lie derivative of Ct, along the lift -vector field of the form 

(203) 



d _ d . d ■ d 
X t =a—+ P— +a—+ P-r 
da d(f> da Qd> 



is given by 

L Xt £t = 6 



aF + 2aF^+afp + a^ ) 



■ 2 , 
a + 



-6a 



3 1 r* da dp] - 2 



+2F ^ + a l2P 

drb 6 da 
-6{Fa + F^aP)*,, 



i<j>-a 2 (3aV + apV^) + 



(204) 



16 



S. Capozziello et al.: Hamiltonian Dynamics in Extended Gravity Cosmology 



in which we have taken into account that 

da. da ■ ■ 88 . 88 ■ ,„„„\ 
da d(f> da dtp 

We remind that the dot means the derivative with respect to 
t. 

Comparing (|202|1 with (|204l) . we obtain that, the Lie deriva- 
tive Lx^jOt, becomes 



Lx v £- V = aLx t C-t — {Lx t a)Et, 



(206) 



being Cx t a = a where Et is the energy function. 

It can be seen that the same relation as (|206|) holds in the 
Einstein frame, that is 



(207) 



with obvious meaning of Xj and Ej. This implies that, if X v 
is a Noether vector field relative to £, v , that is, if (|198p holds, 
the corresponding vector field X t is such that 



L Xt C t -^E t = Q. 
a 



(208) 



It means also that, when the cosmic time is taken as time- 
coordinate, the conformal transformation preserves the expres- 
sion given by the righthand side of (|206[) and not the Lie deriva- 
tive along a given vector field Xt. Relation (|208p represents a 
more general way to express the presence of a first integral for 
the Lagrangian L t ; associated to ()208p . we have the conserved 
quantity [85] 

M± a + K*p - Et [ ^dt = const, (209) 
da d(j> J a 

which, of course, holds on the solutions of the Euler-Lagrange 
equations. The vector field Xt verifying (|208|) can thus be seen 
as a generalized Noether vector field and the conformal trans- 
formation (|51[) preserves this generalized symmetry. That is, if 
Xt is a Noether vector field, in the sense of (I208|) . relative to 
Lt then Xf is a Noether vector field relative to Ci in the same 
sense, that is 



Li.- a - 
-^-E t = 0. 



(210) 



In terms of conformal time, the first integral relative to (|198[) 
for the Lagrangian £ v is given by 



dCr, . dCr, a . 



(211) 



We see that the expression (|21ip corresponds to (1209P under 
the transformation, except for a term in the energy function. 
In fact, Eq. (|211l) explicitly written, is 



(12Fq' + 6F$a<p')a + (QF^aa + a 2 (f>')B = const, 



(212) 



while ((Mil) is 



E t / -dt + {12Faa + 6F <j> a 2 4i)a + 



+ (6F^a a + a <p)B = const. 



(213) 



Taking into account that, the expressions of energy function, 
in the conformal time and in the cosmic time, are related by 



E„ = aEt 



(214) 



we have that (|213ll . becomes 
E f 

— -2 / adn+ (12Fa +6F 4 ,acj>')a + 
■j-(6F,f,aa + a(p')B — const 



(215) 



which coincides with (|212[) except for the term in E v , but 
E v — corresponds to the first order Einstein equation, ex- 
pressed in the time n, therefore, there is equivalence between 
the two formulations |83] . As already said, some authors have 
formulated the existence of a Noether vector field imposing 



L Xt Ct = 0, 



(216) 



using the cosmic time as time-coordinate; condition l)216p . af- 
ter the analysis we have done till now, turns out to be less 
general than (|210|) . By the way, condition (|216p has the inter- 
esting property that it implies the possibility to define some 
new coordinates on the configuration space {a, </>}, such that 
the Lagrangian has a cyclic coordinate |86II55| , reducing in this 
way the Euler-Lagrange equations. In fact, one can always de- 
fine new coordinate, say {z, w}, in the configuration space 

of the Lagrangian, such that the lift-vector field assumes the 

dc 
form X t = tt , so that one has Lx t £ ~ tt- ; in case Eq. (12161) 

dz dz 
holds, one has that z is cyclic. In the generalized case we are 

considering, it is no longer possible to get this behavior, since 

Lx t £t 7^ and consequently z is no longer cyclic. In this case, 

one has to use the first integral (|209f) together with the relation 

on the energy function to reduce the Euler-Lagrange equations. 

This problem corresponds, in the Einstein frame, to 



Et 



L x { a dCr dCt- 
— - — at + -^r-a H —8 ■ 

a da ftA 



const. 



(217) 



Thus, finding the solutions of some cosmological model by the 
existence of a Noether symmetry (and therefore fixing the class 
of model compatible with it) in the Einstein frame, one gets, 
via the conformal transformation, the solutions to the class of 
models in the Jordan frame corresponding to the one given 
in the Einstein frame. This result is extremely important in 
minisuperspace Quantum Cosmology since allow to select all 
the equivalent initial (boundary) conditions. 

Let us discuss a significant example. A solvable cosmolog- 
ical model in the Einstein frame is the model where the dy- 
namical potential of the scalar field is constant and the spatial 
curvature is zero. The Lagrangian is given by 



Ct 



. 2 1—3 

-3aa + —a <f> 



a 3 A. 



(218) 



We have that such a model in the Einstein frame corresponds, 
in the Jordan frame, to the class of models with (arbitrarly 
given) coupling F and potential V connected by the relation 



V 
4F 2 



A. 



(219) 



We can thus fix the potential V and obtain from Q219P the 
corresponding coupling. Once we have the solutions relative to 
the constant potential in the Einstein frame, we can obtain the 
solutions of all the non-minimally coupled models in the class 
defined by relation ()219p . 
Let us consider the case 



V = \<t) i , A>0, 



(220) 
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which correspond to a "chaotic inflationary" potential. The cor- 
responding coupling is quadratic in <f>, that is 

F = k <)> 2 , (221) 

in which 

k ° = ~\{\- ( 222 ) 

We get the conformal transformation through which we obtain 
the solutions in the Jordan frame, i.e. 

a 

a = — / ! 



(223) 

As we can see from these relations, it has to be fco < 0. Inte- 
grating the second of (|223[) . we have <f) in terms of </> 

4> = aoe^^ 1 '* '. (224) 

We want now to consider the aspects connected with the 
point of view of the Noether symmetries. It is possible to show 
that, in the context of generalized Noether symmetries, the 
nonstandard coupled model with quartic potential and neg- 
ative quadratic coupling admits a Noether symmetry, while 
such a result has not been found in the previous analysis of 
Noether symmetries (see [831186] ). The system of equations for 
the Noether vector field obtained from (|210[) is given by 



da 
da 


0. 


(225) 


dp 

a+a w = 


0. 


(226) 


R da _ 2 dfi 
4aV + apVj = 


0, 
= 0. 


(227) 

(228) 

(229) 
(230) 



Substituting V = A in the fourth of (|225[) . one gets a = 0; from 
the second one gets j3 = const; the first and the third turn out 
to be identically verified. It is immediate to see that the La- 
grangian Q218P presents a Noether symmetry, since it does not 
depend on 4>; being, in this particular case, Lx.a = a = 0. This 
result is compatible with the presence of a cyclic coordinate 
in the Lagrangian. Performing the conformal transformation 
given by (|223[) on the Noether vector field 

a = , P = j3 , (231) 

we have 

/ 2fc g / 2fc a 

(232) 



This means that (|232[1 is a Noether vector field relative to the 
corresponding Lagrangian in the Jordan frame, with potential 
given by (|220[) and coupling given by (|221[) . It is easy to verify 
that PUSI holds. 

In conclusion, the Noether Symmetry Approach is compat- 
ible with conformal transformations and allows to relate classes 
of conformally equivalent minisuperspace models 



9 Discussion and Conclusions 

The purpose of this paper has been to outline the canonical 
Hamiltonian approach to Quantum Cosmology taking into ac- 
count minisuperspace models coming from Extended Theories 
of Gravity. After a quick summary of the Hamiltonian formu- 
lation of GR and the problem of canonical quantization in the 
ADM formalism, we discussed the minisuperspace approach to 
Quantum Cosmology. This one does not give a satisfactory so- 
lution to the full Quantum Gravity problem, however it is a 
useful scheme to set the problem of boundary conditions from 
which should emerge classical universes, that is cosmological 
dynamical models that could be reasonably observed with stan- 
dard astrophysical tools. A main role in this approach is played 
by the identification of conserved quantities that give rise to 
peaked behaviors in the wave function of the universe. Such a 
function is the solution of the WDW equation, the correspond- 
ing of Schrodinger equation in Quantum Cosmology. 

Peaked behaviors means correlations among variables and 
then the possibility to obtain classical universes according to 
the Hartle interpretative criterion. These conserved quantities 
can naturally be related to the Noether symmetries of the the- 
ory. The existence of symmetries depends, in several cases, by 
the identification of suitable Lagrange multipliers that allow 
to recast the point-like Lagrangian of the given minisuper- 
space model in a canonical form. In this sense, the Noether 
symmetries can be considered as "constraints" of the theory 
that allow to reduce the dynamics and recover classical solu- 
tions. The emergence of singularities at finite for such solutions 
means that symmetries are broken for certain values of the pa- 
rameters. 

Reversing the argument, if the wave function of the uni- 
verse is related to the probability to get a classical cosmologi- 
cal solution, the existence of Noether symmetries tell us when 
the Hartle criterion works. 

Some remarks are necessary at this point. First of all, we 
have to stress that the wave function is only related to the prob- 
ability to get a certain behavior but it is not the probability 
amplitude since, till now, Quantum Cosmology is not a unitary 
theory. Furthermore, the Hartle criterion works in the context 
of an Everett-type interpretation of Quantum Cosmology [991 
1 100] which assumes the ideas that the universe branches into 
a large number of copies of itself whenever a measurement is 
made. This point of view is called Many Worlds interpretation 
of Quantum Cosmology. Such an interpretation is just one way 
of thinking and gives a formulation of Quantum Mechanics de- 
signed to deal with correlations internal to individual, isolated 
systems. The Hartle criterion gives an operative interpreta- 
tion of such correlations. In particular, if the wave function is 
strongly peaked in some region of configuration space, we pre- 
dict that we will observe the correlations which characterize 
that region. On the other hand, if the wave function is smooth 
in some region, we predict that correlations which characterize 
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that region are precluded to the observations. If the wave func- 
tion is neither peaked nor smooth, no predictions are possible 
from observations. In other words, we can read the correlation 
of some region of minisuperspace as casual connection. 

The analogy with standard Quantum Mechanics is straight- 
forward. By considering the case in which the individual sys- 
tem consists of a large number of identical subsystems, one 
can derive from the above interpretation, the usual probabilis- 
tic interpretation of quantum mechanics for the subsystems fTJ 
0. 

What we proposed is a criterion by which the Hartle point 
of view can be recovered without arbitrariness. If a Noether 
symmetry (or more than one) is present for a given minisu- 
perspace model, then strongly peaked (oscillatory) subsets of 
the wave function of the universe are found. Vice-versa, oscil- 
latory parts of the wave function can be always connected to 
conserved momenta and then to Noether symmetries. 

From a general point of view, this is the same philosophy of 
many branches of physics: finding symmetries allows to solve 
dynamics, gives the main features of systems and simplify the 
interpretation of results. 

We have worked out this approach for minisuperspace mod- 
els coming from Extended Theories of Gravity showing that 
identification of suitable Noether symmetries allows to com- 
pletely solve the dynamical system. Furthermore, we have seen 
that if a Noether symmetry is present, it is preserved by the 
conformal transformation which connects Jordan and Einstein 
frames. In this sense, conformally equivalent classes of minisu- 
perspaces can be selected. 
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